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Rezumat. Aceasta lucrare se doreste a fi prima dintr-o serie de studii ale autorului
asupra metodelor de reducere a ordinului cu suprapunere implicita de momente.
Scopul ei este :

i) sa descrie sistemul redus §i relatiile matriceale intre sistemul initial si cel redus
obtinut prin algoritmii iterativi Arnoldi i Block-Arnoldi.

ii) sd propuna ‘Padé via Arnoldi’ §i ‘Padé via Block-Arnoldi’ ca metode de reducere a
ordinului cu suprapunere implicita de momente Markov.

iii) sa fie premergatoare expunerii metodelor Lanczos, Block-Lanczos, Two-Step
Lanczos si a Metodelor Rationale.

Abstract. This paper is intended to be the first step of the author in a series of studies
on reduced-order modeling and implicit moments matching methods. Its purpose is to:
i) describe the reduced system and the matriceal relation between the initial system
and the reduced system that results from Arnoldi and Block-Arnoldi iterrative
procedures.

ii) suggest Padé via Arnoldi and Padé via Block-Arnoldi as order-reducing and
implicit moments matching techniques.

iii) lead to the study of Lanczos, Block-Lanczos, Two-step Lanczos and of Rational
methods

Introduction

The practical problem that constitues the basis of this paper is to describe the functionning
of passive interconnecting networks in high frequency conditions.

Assuming the existence of a unique solution for electromagnetic field, initial and limit
conditions, if we apply one of the FIT( Finite Integration Tehnique), FDTD( Finite
Diferences Time Domain), FEM( Finite Element Method), BEM( Boundary Element
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Method) discretization methods we obtain the following equations for a time-invariant

linear dynamic large scale N-dimensional MIMO system as in [1]:

Cx(¢) = —Gx(¢) + Bu(?) |
{ya) =E'x() W

where :

i) the dimension of the matrices are :C,GeR™" ; BeR™™ ; EeR™" ;

ii) the time-dependent vectorial functions are : inputs u(t)eR™ , outputs y(t)eRP, state

vector x(t)eR" ;

i11) the matrix C is singular but G+soC is a regular pencil (i.e. 3 speC so that matrix

G+s0C is numerically nonsingular)

o0
Like in [2], applying the Laplace transformation g(s) = J. g(t)e_Stdt
0
to system (1) and assuming x(0)=0 we obtain the following equivalent equations in the
frequency domain :
sC x(s)=-G x(s)+B u(s)

¥(s) = ETx(s)

If we eliminate the state vector x in (2) we obtain the input-output equation y(s)=H(s)u(s)
where the transfer function H is given by H(s)=E'(G+ s, C)'B

The main idea of related works [1] and [4] is the following: given an initial large
scale system there should be found another linear system of reduced order whose input-
output behavior is a good approximation of the first one’s. Consequently the reduced
model of the initial system (1) is

{cnxg) =-G,x(¢) +B,u(?) sC,X(s) = -G, x(s) + BLu(s)

¥() = Eqx(1) ¥(5) = Eqx(s)
having the matriceal dimensions reduced to C,,G,eR™, B,eR™ , E,eR™ and
satisfying the following conditions :
1) the order of the reduced model is smaller (preferably much smaller) than the order of
the initial system : n << N
i1) it preserves the properties of stability, controlability, observability si pasivity of the
initial system;
ii1) the reduced model is Padé-approximant for the initial system, which means that

H,(s)=E,(G, Jran)_lBn must be a Padé approximation of H .All this will be

2

respectively { (3),(4)
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dealt with in detail in the following chapter.

1. Preliminaries

1.1. Padé approximation.
Let H(s) be the transfer function of the initial system and consider its Taylor expansion

w .
around the complex value s, : H(s) = ZMi (s —s9)" (5)
0
The matriceal coeficients M; eR™™ are the Markov moments of H(s) corresponding to the
complex value sg. The matriceal function H,(s)e R™™ is a q-order Padé approximation of
H(s) if their Taylor expansions are identical for the first q coeficients. le:
q-1
H; (s) = H(s) +0((s = 50)1) = D M;(s ~s0) (6)
i=0

1.2.Markov moments expresions for MIMO systems.
Consider :
1) speC the Taylor expansion point for the transfer function H(s) (5).
ii) F1, F, eC™N two nonsingular matrices that are a factorization of G+s,C matrix

G+S()C = F1F2 (7)
Letus denote: A=-F 'CF;'; R=F 'B; L=F, E; s=59 +0; (®)
hence H(s) can be rewritten as : H(s) = L'(I-( s - s ))A) 'R = L'(I-cA) 'R 9)
w . . w . .
and consequently : H(s) = LT(Z A'(s—s9) )R = ZLTAIRGI (10)
i=0 =0

where the matriceal coeficients M=L'A'R are Markov moments.
The relation (10) proves that describing the input-output behaviours of system (2) around
s=s, 1s equivalent with describing the input-output behavior around s = 0 of the system:

(I -ocA)x(c) = Ru(o)
y(c) =L x(c)

1.3.Markov moments expresions for SISO systems.
sCx(s) = —Gx(s) + bu(s)

11
y(s) = e x(s) (b

Consider the linear dynamic SISO system : {
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whose transfer function is H(s) = e’ (G+sC)'b. (12)
Having speC, si F, F, e C™N with the same meaning as in MIMO case
and denoting: A = —Fl_ICFz_1 ;r = Fl_lb 1= Fz_Te; s=s,+t0 (13)
the transfer function H(s) can be rewritten as
o0 o0
H(sg +0)=1"(6C+G+50C) 'b=1T(1-0A) 1= Y 1TA r6* = Smyc® . (14)
k=0 k=0

Consequently, in this particular case the Markov moments are real numbers m=1"A"r
where k > 0. Relation (14) proves that describing the input-output behaviours of system
(11) around s=s, is equivalent with describing the input-output behavior around s = 0 of

(I-cA)x(o) =ru(o)
15)

the system: T
y(o) =1"x(o)

2. Reducing order methods based on Krylov subspaces projections

2.1.Arnoldi-SISO method.
(with Classic-Gram-Schmidt orthogonalization method, having a single starting vector)

Briefly :
Having as a starting point the SISO system

Cx(2) = -Gx(¢) + bu(?) sCx(s) = —Gx(s) + bu(s)
respectively
(O =1"x(0) ¥(s) =1"x(s)

Arnoldi method sets an orthogonal matrix V,.eRN’m which determines with each iteration n
a reduced n-dimensional model of the initial system :

(16)

C x(¢) =—G x(¢t)+b u(?) ] sC_ x(s) =—-G x(s)+b u(s)
. respectively . (17)
y(@©) =1,x(2) y(s) =1,x(s)
where G, =VJGV, ;C, =V]ICV,;b, =V]Ib;l, =V]I; (18)

2.1.1. The Arnoldi-SISO algorithm.
Consider A, r as defined in (13) with F;, F; being the trivial factorization of (G+s,C) :
F\F, = (G+s,C)Iy and Ky (A,r)=span{r, Ar, A’r, ... , A™'r} as the m-order Krylov
subspace generated by A and r. The following iterrative algorithm [3] sets up an
orthonormal basis for K,(A,r) :
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r
1. V=717

e

2. Forj=1,2,...,mDo
3.For i=1,j:hjj = (Av;,v;)

_ J
4. Vj+1 = AVJ' _Zhijvi
i=l1

5. hj+1,j =HVJ'+1‘
6. If hji1; = 0 then Stop

Vi+l
7. Vj+1 T
[vi]

&. End Do.

V,, being the matrix with columns v, v, , ..., v, and considering the relations in steps 3, 4,
7, we obtain the equalities :

Viel,_n:”Vi”:l VnTVn _1,

.. Li=] T
Vijeln:(vi,vi)=vv;=3; :{0~i¢j 5 9AVy = VoH, + v hy g pen . (19),(20)
’ T
- i VIAV, =H,
V_]EI,I’IZAVJ' :zhijvi +hj+1,j"j+1

i=1

where the matrix H, = [h;j]i <ij<n 15 @ Hessenberg one.

2.1.2 The properties of the linear operator P =Van ; PIRY - Ki(A,r).
i) P*=P.
i1) Let vi , i€ 1,n, be an arbitrary column of matrix V,, (an arbitrary vector of the basis V,, of

the Krylov subspace K,(A,r)=spancol(V,) that was generated by the first n iterrations of
the algorithm).
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vivi
T vav;
Then : Pv. =V, V,vi=V,| 2'1|=V,ei=v;;
VaVi
hence: Pl (a,r)=1Ix (21)

iii) vw e Kt (A,r): Pw =0 ;

Therefore P = VnVnT is the orthogonal projector onto K,(A,r).
2.1.3 The reduced-order model realization through the Arnoldi
algorithm and Padé connexion.

The following will demonstrate that the relations (13), (14), (20), (21) in themselves
determine an n-dimensional reduced model of the initial system.

VIAV, =H, =-V] (G+s,0)7'CV, =H, = -V (G+s5,0)"'Vv,vIcv, =H, =
= (VI (G+spo)V)'vicv, =H, = ~(v]GvV, +sovicv))'vIicy, =H, =
= Ap =~(Gp +50Cp) ' Cy = H,

where G, =V GV, si C, =VJCV,.

On the other hand Vk el,n:

my =1TA N =1TV, BV r = (vIDTHEVT (G +500) 7D =

= (Va ) HE(V{ GV, +50V, CV,) 7 Vi b= ITHE (G, +50Cy) by

where 1, =VI1, b, =VIb, r, =(G, +s0C,) 'b,, mk =1L AKr, .

So, my =1TAKy :lEAgrn = mg.

In conclusion, we proved the following theorem :

Theorem 1(Padé via Arnoldi) : The setting up of the matrix V,, , by which the
Arnoldi iterrative process applied to the initial system (16) results in a reduced n-
dimensional model (17) after n iterrations , is equivalent with finding a local n-order Padé
approximation of the transfer function of the initial system , and also with an orthogonal
projection of the initial system onto Krylov subspace K,(A,r) .
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Remark 1 :The proof of the above theorem is not influenced by the choice of
particular factorization F; ,F, of regular pencil G+s(,C ,but it is obviously influenced by the
choice of sy . Consequently :

1) while in exact arithmetics the choice of factorization influences the form of
intermediary systems (A, r, 1) and (A,, r,, l,) but does not affect Markov moments
matching, in real arithmetics (during implementation) , computing effort and time as well
as Markov moments matching errors vary with the choice of factorization;

i1) the theorem has a local character and it depends on (a frequency band around) s,.
It will be very useful in practice to have the answer for «How wide could the frequency
band around s, be so that the reduced model can be a good approximation of the initial
system?» or for «How many points are relevant in a certain frequency band and which are
those?».

Remark 2 :In order to result in an n-dimensional reduced model the algorithm must
not have a breakdown at step 6. If the algorithm does stop at iterration j then the degree of r
relative to A is j and K,(A,r)= K(A,r), Vn>j .[3]

2.2. Block-Arnoldi-MIMO method.
(with Classic-Block-Gram-Schmidt orthogonalization, having multiple starting vectors)

Briefly :
Having as a starting point the MIMO system

Cx(7) = —Gx(¢) + Bu(?) sCx(s) = —Gx(s) + Bu(s)
y(6) =L x(t);B e RN™ y(s) =L x(s)

Block-Arnoldi method sets an orthogonal matrix UkeRNka which determins with each
iteration k a reduced n-dimensional model (n=km) of the initial system:

respectively { (22)

C,x(1) = -G ,x(¢) + B u(t) sC,x(s) = -G ,X(s) + B u(s)
T respectively T (23)
y() =L;x(?) y(s) =Lyx(s)
where G, =U,GUy, C, =U,CU;, B, =U;B, L, =U|L, n=km. (24)

2.2.1. Block-Arnoldi-MIMO algorithm.
Block-Arnoldi method is the obvious generalization of the Arnoldi-SISO method , but it is
able to handle m starting vectors (BeR™"™).
Consider A, R defined in (7) (8) with F,, Fxbeing the trivial factorization of G+s,C
Fi F; = (G+s0CO)Ix
and K (A,R)=span{R, AR, A’R, ..., Ak']R} being the k-order block-Krylov subspace
generated by A and R.
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The following iterrative algorithm [3] sets up an orthonormal basis of Kx(A,R) :

1. Compute Q-R factorization of R: R=V Hj
2. Forj=1,2, ...,k Do

3.Fori=1,j:Hj =V. AV,

_ J
4. Vj+1 = AVJ _zViHij
i=1
5. Compute Q-R factorization of Vj+1 :Vj+1 =ViHj
6. EndDo.

In the first step the algorithm sets up the matrix V; having the property that

spancol(V;) = spancol(R) .
The initial set of vectors V| = [vl 3V e Vm] is an orthogonal basis of K,(A,R)
Vector-wise, with each iterration j, the algorithm generates the set of wvectors
Vig = lej 1> Vmjr2 >V m( +1)J with the following properties :

i) Vkelm: |V =1

. —. T _
i) VK, pel,m:(Vyiik, Vinjep) = Vimitk Vmj+p =0y

ifi) Vk € 1,m;Vp e L,mj:(Viyiyi, Vp) =V 0

T _
mj+k¥p =
v) {Vl,vz, ...... s VinseeoVinj> Vimj 15 Vinj 42 5eeeeo- Vm(j_,_l)} is an orthogonal basis of Kj(A,R)

Matrix-wise, with each iterration j, the algorithm generates an orthogonal matrix Vj+; that is
orthogonal to all matrices Vi, Va, .... ,V;, previously generated. In short, matrices Vi, V,,
....,Vj+1 , have the following properties :

VvV =1,
ii) Vi=pi,pel,j+1: V'V, =0, (25)

1i1) V1 ,V2 e ,VjJr1 is a basis of Kj+1(A,R) .
Let us consider the matrices Uy = [V, Vo, ....,Vi] , Hik = [H jj|i<ij< , Hij =Om , Vi>j+1 and
Ei the matrix formed by the last m columns in Iy, . We notice that the following relations
occur :
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spancol(Uy ) = K (A,R); AU, =U, H, + Vk+1Hk+1EE ; 26)

T _ T _ mkxmk
UkUk _Ikm ’UkAUk —Hk eR

Matrix Hy is not Hessenberg as in the Arnoldi-SISO case but it is banded-Hessenberg,
having m subdiagonals instead of one.

2.2.2. The properties of the linear operator P =UkUE ; P:RY > Ki(AR).
) P*=P.
i1) Let v; , iel,n, be an arbitrary column of matrix Uk (an arbitrary vector of the basis

block-Krylov subspace Ki(A, R) = spancol(Uy) that was generated by the first k iterrations
of the algorithm ).

k
T T T
Then: Pv; =U U, v; = ZVJ- Vj v, =V. Vv, =Vie; =v;
j=1

hence : Pk (a,r)=Ix- (27)
iil) Vw € Ké(A,R) Pw=0;
In conclusion, P = Uy UE is the orthogonal projector onto Ki(A, R).

2.2.3. The reduced-order model realization through Block-Arnoldi

algorithm and Padé connexion.

The following will demonstrate that relations (26), (27), in themselves determine an n-
dimensional reduced model of the initial system.

U AU, =H; = U] (G+5¢C)'CU, =Hy = -U] (G +5,C)'U, U CU, =H,
= —(U} (G+59C)Uy,) ' U CU, =H| = ~(U,GU, +s0U CU,)"'U/CU, =Hy
= Ay =~(Gp, +50C;) 7' Cy = Hy

where G, = UEGUk and C, = UECUk. On the other hand ,
Vieln:M;=L"TAR=LTU H]UTR =(U[L)TH] U] (G +500)'B =

- L) H (UlGu, +s,Ufcu ) 'UIB=LTH] (G, +5,C,) !B,

where :L, =U/L , B, =U/B , R, =(G,, +50C;) "B, , Mj =L} AJR ;
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hence M;=LTA'R =LlAiR, =M;.

In conclusion, we proved the following theorem :

Theorem 2 (Pad¢é via Block-Arnoldi): The setting up of the matrix Uy, by which
the Block-Arnoldi iterrative process applied to the initial system (22) results in a reduced
n-dimensional (n=km) model (23) after k iterrations, is equivalent with finding a local n-
order Padé approximation of the transfer function of the initial system , and also with an
orthogonal projection of the initial system onto Krylov subspace Ki(A,R)

In analogy with the Theorem 1, Remarkl1 is also applicable here.

Remark 3 : The above described algorithm is general and does not consider the
situation in which the initial columns (or the current cluster of columns) that generates the
Block-Krylov subspace are (or could become) linear dependent. These cases require a
built-in (exact or inexact) deflation procedure in the algorithm as in [4].

Conclusions
This paper shows how implicit moments matching can be done by applying the
Arnoldi and Block-Arnoldi algorithms to SISO and MIMO systems respectively.
The theoretical results presented here depend neither on factorization (7) nor on the
choice of the (classic or modified) orthogonalization procedure implemented in the
algorithms.
As the space alloted for this paper here is limited, we shall present the Lanczos,
Block- Lanczos and Two-Step Lanczos methods in another issue.
For the same reason we shall discuss the similarities and the differences between
those types of algorithms in a following paper.
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